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Fine analysis on lineally onvex
domains of nite type
An expansion of a talk given at the Conferene in honor of
H. Skoda, Paris, September 2005
∗†
Klas Diederih
Abstrat
A disussion of methods of nonisotropi ne quantitative omplex
analysis on lineally onvex domains of nite type is given. The
needed support funtions with best possible estimates are onsid-
ered together with the estimation of their orresponding Leray se-
tions with respet to nonisotropi pseudodistanes. The most reent
developments in this subjet are studied and open questions listed.
1 Motivation and state of the art
A general main topi of Complex Analysis onsists in investigating the relation
between suitable geometri properties of omplex manifolds and ne an-
alyti properties of them, in partiular, quantitative behavior of analyti
objets on them. Of ourse, eah time a question onerning the quantitative
behavior of an analyti objet is asked, the orret notion of geometri objet
has to be found whih dominates its behavior.
There are two main branhes of this researh:
1) The ase of ompat manifolds: The analyti objets here are mostly holo-
morphi line bundles or, more generally, holomorphi vetor bundles, and
their tensor produts. Certain norm onditions with respet to suitablemetris
on the original manifold or the bundle itself might be put on their se-
tions. One of the main goals of the analysis on them are vanishing theorems
for analyti ohomology, existene theorems for setions, asymptoti be-
havior for tensor powers. The main geometri informations needed deal with
urvature onditions (positivity resp. negativity) or with the metris
∗
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themselves. The non-degenerate ase (onerning the metris and their urva-
ture) is mostly quite well understood. All kinds of allowable degeneraies are
the main topi in reent researh in this eld. The theory of multipliers and
the orresponding multiplier ideal sheaves whih originally was introdued
into Complex Analysis by J. J. Kohn in [48℄ and then arried over to the ase
of omplex manifolds by the work of A. Nadel (see [53℄) is the most important
tool for this study (see [22℄).
2) The ase of (relatively ompat) domains in C
n
with more or less smooth
boundaries. Here the fundamental goals are the existene questions for holo-
morphi funtions with all kinds of growth onditions and the study of their
boundary behavior. The basi tool is, of ourse, the study of the ∂-Neumann
problem. The neessary geometri information sits in the omplex dierential
geometry of the boundary, in partiular, its Levi geometry, sometimes together
with topologial properties of the domains and their boundaries.
Of ourse, there also is a mixed ase (between 1) and 2)), namely the ase of
(relatively ompat) domains with boundaries in open omplex manifolds. Here
quite new interesting phenomena our. However, this ase is not the subjet
of this talk.
Projet 2) has been largely realized for the ase of domains with non-degenerate
Levi forms. However, a lot of questions on both sides, the geometri and the
analyti aspet, remain open. In many ases the suitable geometri invariants
have not yet been found and important analyti questions are still open, sine
the analyti tools are missing (see, for instane, [31℄). The situation is desribed
in more detail in the following subsetion.
1.1 The ase of degenerate Levi forms
1.1.1 Geometry
Besides the Levi geometry of the boundaries of the domains plurisubharmoni
exhaustion funtions and suitable omplete metris with their urvatures are
important geometri input in this ase. However, if the boundaries are su-
iently smooth, their existene is implied by the boundary geometry.
Linked to the degeneraies of the Levi geometry new geometri phenomena
appear and have to be studied:
• the non-diagonalizability of the Levi form.
• The notion of type and its jumping from point to point (see [19℄, [21℄,[10℄).
• The failure of semi-ontinuity of types (see [20℄).
• The jumping non-isotropial behavior of the geometry.
With respet to the degree of degeneray there is the following sale of severity:
a) Relatively open Levi at piees exist in the boundary,
b) relatively open piees of the boundary are foliated by omplex manifolds
of odimension > 1,
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) germs of omplex analyti varieties of positive dimension exist in the
boundary,
d) boundary points of innite type exist,
e) the boundary is of nite type.
It follows from [26℄ that all (relative ompat) domains D with smooth Cω-
boundary are of nite type.
1.1.2 Analysis: L2-theory.
The analyti theory of domains with degenerate Levi form so-far is to some
extent only understood in the pseudoonvex ase, to whih the talk restrits
its attention from now on.
The ∂-Neumann problem is qualitatively understood in the nite type ase.
For domains with Cω-smooth boundaries its subelliptiity follows from [48℄ to-
gether with [26℄. However, the estimates for the gain of subelliptiity, so-far, are
very rough and it is not even understood whih geometri invariant attahed
to the hypersurfaes really determines its exat size (see [31℄). Moreover, one
might ask whether the nonisotropi nature of the geometry of these domains
has been taken into aount suiently enough in the ∂-Neumann problem.
Multipliers have been used rst in [48℄ in treating these domains. It seems to
be hopeful to also use multiplier ideal theory to get more preise information
on the gain of regularity.
The theory is even less developed for pseudoonvex domains with C∞-
smooth boundary of nite type. For them the question of subelliptiity
has qualitatively been laried by the work of D. Catlin (see [10℄ and [11℄).
However, the estimates on the gain of regularity are extremely rough and it
seems, that so-far good methods are missing in order to improve them for gen-
eral suh domains.
In addition to the nite type ase whih, from the point of view of analysis just
is the subellipti ase, new ases also appear on the analyti side among weakly
pseudoonvex domains with C∞-smooth boundaries. We will list them in the
following.
1. Even if subelliptiity breaks down, the Neumann-operator N might still be
ompat, still implying at least global regularity of the ∂-Neumann problem.
This feature has attained a lot of attention in the last years (for a general treat-
ment see [42℄, speial results are, for instane, in [54℄ and already in [12℄).
Loal hypoelliptiity at the boundary for the ∂-problem breaks down already in
the presene of a germ of a omplex analyti variety in the boundary (see [36℄ and
[9℄). However, the question, whether the ∂-Neumann problem is at least glob-
ally hypoellipti on all bounded weakly pseudoonvex domains with smooth
boundary was muh more diult to deide. In fat, for a long time, this was
onjetured. It was only in 1996, when M. Christ (see [13℄) showed that for
ertain worm domains as onstruted in [29℄ the ∂-Neumann problem fails to
be globally hypoellipti (see also work of D. Barrett [4℄, [5℄ and Chr. Kiselman
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[46℄). It, however, should be pointed out, that it does not beome lear from
M. Christs proof (and still has not been laried) for whih partiular turning
numbers the orresponding worm domain has this property. This indiates al-
ready, how little is known about global hypoelliptiity. It beomes even more
lear from the fat, that the answer to the following question is not known:
Let D ∈∈ C2 be a worm domain. Then the set
A := D ∩ {(z, w) ∈ C2 : w = 0}
is a losed annulus and ∂D is stritly pseudoonvex at all other points. Now,
let z0 ∈ ∂D \A be arbitrary and let V be a small neighborhood of z0. Consider
any small perturbation D˜ of D, suh that on C2 \ V the domains D˜ and D are
equal. It is an open question, whether global hypoelliptiity of the ∂-Neumann
problem also neessarily fails on D˜.
Remark 1.1 Notie, that loally and semiloally around A the harater of ∂D
and ∂D˜ is the same and also the topologies agree.
More generally, the following onjeture should hold true:
Conjeture 1.2 Let D be a worm domain suh that its ∂-Neumann problem
is not globally hypoellipti. Let V ∈ C2 be an arbitrarily small open neighbour-
hood of its boundary annulus A and let D̂ ⊂ C2 be another bounded smooth
pseudoonvex domain suh that D̂ ∩ V = D ∩ V and suh that ∂D̂ \ V onsists
of points of nite type only. Then the ∂-Neumann problem on D̂ also is not
globally hypoellipti.
1.1.3 Analysis: Other norms.
For treating ∂-problems in norms dierent from L2, like Lp, p 6= 2, Hölder
norms or Ck-norms, dierent methods are required. There are, essentially, two
approahes
1. A passage from L2 to Hölder using tehniques of miroloal analysis (see
[37℄, [38℄).
2. ∂-solving integral kernels.
Both methods do not work on all bounded pseudoonvex domains with smooth
boundary (even not on those of nite type).
For 1. the lass of domains, for whih this method, so-far, has been applied
suessfully, is quite restrited.
For the onstrution of the integral kernels in 2. suitable Leray setions have
to be produed. They, essentially, require the existene of holomorphi support
funtions depending niely on the boundary points and satisfying good estimates
there. Unfortunately, those do not always exist, even not in C
2
on nite type
domains, as was rst shown by J.J.Kohn and L.Nirenberg in [49℄ (see also [41℄).
(It has been tried by J.J.Fornæss, [40℄ and others to overome this diulty by
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introduing some extra tehniques for the treatment in neighborhoods of the
exeptional boundary points. But also suh tehniques exist so-far only in very
speial ases.)
In this talk we want to onsider a lass of nite type domains whih - on the one
hand - allows the onstrution of suitable families of support funtions and - on
the other hand - is general enough to allow a large variety of degeneraies of the
Levi form, namely, lineally onvex smooth domains of nite type. Aording
to the results of H.P.Boas, E. Straube and Yu, they do not allow failure of
semiontinuity of the type, sine their general type agrees with their linear type
(see [6℄) and [55℄. However, under many other aspets, their degeneraies an
be very bad, in partiular, they are not always diagonalizable.
2 The ∂-theory on lineally onvex domains of nite
type
2.1 Support funtions
There are essentially two dierent methods for the onstrution of smooth fam-
ilies of support funtions with good estimates for these domains:
1. A method developed by A. Cumenge in [15℄ and [16℄ based on sharp esti-
mates on the boundary behavior of the Bergman kernel of E. Stein and J.
MNeal (see [52℄) using L2-methods. (It only works in the linearly onvex
ase.)
2. A diret onstrution of a smooth family of holomorphi support funtions
with best possible estimates (see [30℄ and [28℄)
One of the essential diulties in the onstrution of the support funtions
lies in the following: Although they might satisfy the right estimates in eah
omplex tangential diretion, there might be exeptional real lines where the
estimates beome muh worse. For the neessary estimates of the ∂-solving
integral kernels the appearane of suh exeptional real lines is deadly. Support
funtions without failure of the optimal estimates in some real diretions are
needed.
The appearane of suh lines, already, beomes lear in the following simple
example:
We onsider in C
3 = {z = (z1, z2, z3) : zj = xj + iyj} the dening funtion
r(z) := y1 + x
4
2 + x
6
3 + y
10
3
and the smooth hypersurfae S = {r = 0} at the point 0. S is onvex, so
the real tangent spae T = {y1 = 0} to S at 0 is supporting. But even in
its maximally omplex subspae TC it ontains with respet to the order of
ontat with S two exeptional real lines. Namely, onsider the omplex linear
subspaes TC2 := {z1 = z3 = 0} and T
C
3 := {z1 = z2 = 0} together with their
real subspaes T2 : {z1 = z3 = x2 = 0} resp. T3 : {z1 = z2 = x3 = 0}. T
C
2
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has order of ontat with S at 0 equal to 4, whereas the order of ontat of T2
is ∞, the order of ontat of TC3 is 6, whereas that of T3 is 10. The diulty
disappears if we replae the supporting real hypersurfae T by
Tˆ := {y1 − εRez
4
2 + εRez
6
3 = 0} (1)
for ε > 0 small enough.
Obviously, this dening funtion is pluriharmoni and the hypersurfae dened
by it has the required order of ontat with S in all real diretions of the tangent
spae.
A orretion analogous to (1) by a suitable small perturbation of the tangent
plane an be ahieved at a xed boundary point of any smooth onvex hyper-
surfae of nite type as was shown in [35℄ using an idea from [27℄. However,
suh a onstrution does not seem to sue for the onstrution of the desired
∂-solving integral kernels, sine it does not give dierentiability of the support-
ing surfaes in the base point. Namely, the diretion of the exeptional real lines
might jump from point to point, suh that the orretion terms analogous to
the ones in (1) would not depend dierentiably on the base point.
This diulty has been overome by a onstrution by K. Diederih and J. E.
Fornæss at rst for the linearly onvex ase of nite type onsidered in [30℄ and
afterwards generalized to lineally onvex domains of nite type in [28℄. The
onstrutions are based on a new kind of analysis of the Taylor series of onvex
funtions whih also might be interesting for dierent purposes.
We only state here the main result of [28℄. For this we denote by D = {r(z) < 0}
the given lineally onvex domain of nite type m. For a point ζ ∈ ∂D and a ve-
tor t ∈ T 10∂D(ζ) with eulidean norm ‖t‖ = 1 we dene for any w = (w1, w2) ∈ C
2
zζ,t(w) := ζ − iw1nζ + w2t
where nζ is the real unit normal vetor to ∂D at ζ.
Furthermore, we hoose a small enough open neighborhood W0 of ∂D and put
for any point ζ ∈W0
Dζ,t :=
{
w ∈ C2 : zζ,t(w) ∈W0 : rζ,t(w) := r(zζ,t(w))− r(ζ) < 0
}
(2)
We put for j = 2, . . . , 2m
P
j
ζ,t(w) :=
∑
k+l=j
1
k!
1
l!
∂jrζ,t(0)
∂wk2∂w
l
2
wk2w
l
2 (3)
Notie, that the oeients of P
j
ζ,t are C
∞
in (ζ, t).
In order to be able to formulate our main result, we need the following notation:
Denition 2.1 For any polynomial
∑N
j=0
∑
|α|+|β|=j aαβz
αzβ on any Ck we put
‖P‖ :=
N∑
j=0
∑
|α|+|β|=j
∣∣∣aαβ
∣∣∣ (4)
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We then have
Theorem 2.2 (Di/Fo 2004) ∃ Sˆ(z, ζ) ∈ C∞(Cn ×W0), a holomorphi poly-
nomial of degree 2m in z ∀ ζ ∈W0, suh that
i) Sˆ(ζ, ζ) = 0;
ii) For any given ε > 0 the funtion Sˆ an be hosen in suh a way, that the
restrition Sζ,t := Sˆ(zζ,t(w), ζ) satises
ReSζ,t(w) ≤ rζ,t(w)− ε
2m∑
j=2
∥∥∥P jζ,t
∥∥∥ ‖w2‖j (5)
Remark 2.3 It should be stressed, that the funtion Sˆ is given by a formula
whih is expliit exept for the hoie of two onstants. Furthermore, inequality
(5) is the best possible estimate whih an be reahed on the intersetion of D
with all the C
2
's as spanned by all nζ and t.
2.2 The pseudodistane
2.2.1 The denition of the pseudodistane
Following ideas of E. Stein and from [8℄, J. MNeal introdued in [51℄ for linearly
onvex domains of nite type a pseudometri whih reets very preisely the
non-isotropi nature of the geometry of these domains. It has been generalized
to lineally onvex domains of nite type in [14℄ (using ideas from [43℄). It is
dened in the following way:
Let ̺ be a dening funtion of the lineally onvex domain D ⊂⊂ Cn of nite
type. Put for any ε > 0, any point ζ lose enough to ∂D and any vetor γ ∈ Cn
τ(ζ, γ, ε) := max {c : |̺(ζ + λγ)− ̺(ζ)| < ε ∀λ ∈ C : |λ| < c}
With this we next hoose what we all an ε-extremal basis of Cn at ζ in the
following way:
We hoose as v1(ζ, ε) the unit vetor orthogonal to the level set of ̺ passing
through ζ. Then we restrit attention to the linear subspae H1 orthogonal to
v1(ζ, ε) and in it we hoose a unit vetor v2 pointing in a diretion γ ∈ H1 suh
that ̺(ζ + γ) = ±ε and τ(ζ, γ, ε) is maximal among suh γ. This proedure is
repeated until the orthonormal basis (v1(ζ, ε), . . . , vn(ζ, ε)) is omplete.
Remark 2.4 Notie, that, in general, the dependene of the τ(ζ, γ, ε) and the
ε-extremal basis on the point ζ is not even ontinuous.
The ε-distinguished polydiss and their versions saled by A > 0 are dened
as
APε(ζ) :=
{
z = ζ +
∑
λkvk(ζ, ε) : |λk| ≤ Aτk(ζ, ε) for k = 1 . . . , n
}
Finally, the non-isotropi pseudodistane is dened as
d(ζ, z) := inf {ε : z ∈ Pε(ζ)}
7
2.2.2 Properties of the pseudodistane
Although the pseudodistane is not ontinuous, it an be shown to satisfy ertain
uniform estimates making it, nevertheless, possible to do analysis with it. One
has:
i) ∃ c > 0 : cP|̺(ζ)| ⊂ D ∀ ζ
ii) If γ =
∑n
1 ajvj(ζ, ε) ⇒
1
τ(ζ, γ, ε)
≈
n∑
j=1
|aj |
τj(ζ, ε)
iii) ∀ k > 0 ∃ onstants c(k), C(k) suh that
ckPε(ζ) ⊂ Pkε(ζ) ⊂ C(k)Pε(ζ) (6)
iv) ∀ z ∈ Pε(ζ) ⇒ τ(ζ, γ, ε) ≈ τ(z, γ, ε)
v)
d(z, ζ) ≈ d(ζ, z)
d(z, ζ) . d(z, w) + d(w, ζ)
Here the relation ≈ respetively . stand for the orresponding strit relations =
resp. ≦ up to onstants uniform in the hoie of ζ hosen from a small enough
neighborhood of the boundary ∂D and ε > 0.
2.2.3 Estimates relative to the pseudodistane
The pseudodistane introdued above reets exatly the non-isotropi geom-
etry of the orresponding domain D. It, therefore, is not astonishing that the
estimates required for the quantitative solutions of ∂, beome simple and easy
to use - just as the estimates with respet to the eulidean metri in the stritly
pseudoonvex ase. We will show this by giving a few examples.
Lemma 2.5 Dene ζ ∈ D ∩W and ε > 0 the set P 0eps(ζ) := CPε(ζ) \
1
2Pε(ζ)
(C = C(1) being the onstant of (6)) and let π be the orthogonal projetion to
∂D. Then one has ∀ z ∈ D ∩ U
|S(z, ζ)| & ε ∀ ζ ∈ ∂D ∩ P 0ε (π(z))
|S(z, ζ)| & |̺(z)| ∀ ζ ∈ ∂D ∩ P|̺(z)|(π(z))
From the expliit formula for the family of support funtions S(z, ζ) one easily
gets a orresponding Leray deomposition, for whih one has
S(z, ζ) =
n∑
j=1
Qj(z, ζ)(zj − ζj) (7)
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(for details see [28℄ and [24℄). In order to get the estimates required for the
orresponding ∂-solving Cauhy-Fantappié kernels, derivatives of the Leray se-
tion (Q1(z, ζ), . . . , Qn(z, ζ)) have to be estimated. Using the pseudometri in a
onsequent way, this alulus beomes very natural:
For a point ζ0 ∈ ∂D and arbitrary z, ζ ∈ Pε(ζ0) we hoose a linear transforma-
tion Φ giving the ε-extremal oordinates at ζ0 and put
w := Φ(z − ζ0) and η := Φ(ζ − ζ0)
(⇒ |ηk| ≤ Cτk(ζ0, ε); |w1| ≤ C; |wk| ≤ Cτk(ζ0, ε))
We denote the Leray setion in the new oordinates by Q∗1(w, η), . . . , Q
∗
n(w, η)
and get
Lemma 2.6
|Q∗k(w, η)| .
ε
τk(ζ0, ε)∣∣∣∣ ∂∂wiQ
∗
k(w, η
∣∣∣∣ . ετk(ζ0, ε)τi(ζ0, ε)∣∣∣∣ ∂∂ηjQ∗k(w, η
∣∣∣∣ . ετk(ζ0, ε)τj(ζ0, ε)∣∣∣∣ ∂
2
∂wi∂ηj
Q∗k(w, η
∣∣∣∣ . ετk(ζ0, ε)τj(ζ0, ε)τi(ζ0, ε)
2.3 A rst result on solving ∂ with nonisotropi estimates
At rst, using the above-mentioned smooth family of holomorphi support fun-
tions, quantitative results on solving ∂ where given only with respet to isotropi
Hölder norms. We mention as examples [25, 44, 15, 16℄. However, it is natural,
that also the norms measuring the solutions to the ∂-equation have to respet
the nonisotropi nature of the geometry. As a typial example we dene new
Hölder norms by
Denition 2.7 For any µ > 0 and small ε > 0 we dene
Λ˜µ,ε(D) :=
{
h ∈ C0(D) : |h(z0)− h(z1)| ≤ Chmax
{
d(z0, z1)
µ, |z0 − z1|
1−ε
}}
Remark 2.8 For any given h the smallest onstant Ch possible in this inequality
is alled the orresponding Hölder norm ‖h‖µ,ε. The term |z0 − z1|
1−ε
only
appears in this denition only for tehnial reasons, namely, in order to take
are of the ase, when the points z0 and z1 are far apart. For the understanding
of the results, it sues to neglet this term and, hene, the role of ε in the
denition of the Hölder norm.
One has with respet to these nonisotropi Hölder norms (see also [18℄ for a
slightly weaker result)
Theorem 2.9 (Di/Fisher 2004) For any 1 ≤ q ≤ n ∃ a ontinuous linear
operator Tq : L
∞
0,q → Λ˜
1
m
,ε
(0−q−1) suh that ∂Tqf = f ∀f : ∂f = 0.
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Remark 2.10 a) The result of the theorem only is a test ase for a whole series
of possible similar results. For instane, orret nonisotropi Hölder norms have
to be dened for ∂-losed (0, q)-forms and the orresponding (0, q − 1)-forms
solving ∂ have to be found solving them (see also below).
b) The proof of Theorem 2.9 is quite natural one one has the support funtions
of Theorem 2.2, the pseudodistane and the estimates of Lemmas 2.5 and 2.6.
In fat, it seems, that it might be possible to formalize the theory by proving a
tehnial general proposition whih says, that, on a given domain, one always
has suh suh a theorem if for it support funtions and a pseudodistane exist
suh that the orresponding estimates of the Lemmas 2.5 and 2.6 hold (i.e. other
speial properties of the domain do not enter into the proof).
2.4 ∂ and dierentiability up to the boundary
A general result of J. J. Kohn (see [47℄) guarantees that on any weakly pseudo-
onvex domain with smooth boundary any ∂-losed (0, 1)-form whih is C∞ up
to the boundary an be solved by a funtion C∞ up to the boundary. However,
there is no good Ck-estimate for the solution.
For stritly pseudoonvex smooth domains this problem has rst been solved by
G. Henkin (see [45℄). Reently, W. Alexandre (see [2, 3℄) showed a rst result in
this diretion on smoothly bounded, bounded onvex domains of nite type. He
uses as a main tool again the above mentioned smooth family of holomorphi
support funtions.
Theorem 2.11 Let D ⊂⊂ Cn be a linearly onvex domain with C∞-smooth
boundary of nite type ≤ m. Then there is for any 1 ≤ q ≤ n and any k =
0, 1, 2, . . . a bounded linear operator
Tq : C
k
(0,q)(D) ∩ ker ∂ → C
k, 1
m
(0,q−1)
(D)
suh that
∂Tqf = f
Remark 2.12 a) In the Theorem the spaes Ck(0,r)(D) are provided with the
sup-norm on D over all partial derivatives up to the total order k of all oe-
ients and the norm on the spae C
k, 1
m
(0,q)(D) is the sum of the norm on C
k
(0,q)(D)
and the isotropi Hölder norms of order
1
m
on D of all partial derivatives of
order k of all the oeients of the forms.
b) Reently, K. Di. and B. Fisher have arried over this result to lineally on-
vex domains of nite type and, more importantly, to the analogous nonisotropi
Hölder norms on ImTq. The orresponding preprint will appear soon and will
ontain some further researh on the subjet.
2.5 The extension problem
In [50℄ E. Mazzilli gave an example of a pseudoellipsoid D together with a
omplex-analyti algebrai variety X, smooth in an open neighborhood of D
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and interseting ∂D transversally, suh that, nevertheless, there is a bounded
holomorphi funtion f on X∩D whih does not extend to a bounded holomor-
phi funtion on D. This strange phenomenon was, afterwards, more losely
studied in [32℄. Later, K. Di and E. Mazzilli showed in [33℄, that, in ontrast
to this, every bounded holomorphi funtion on X ∩D extends to a bounded
holomorphi funtion if X is ane linear and if D is just a bounded linearly
onvex domain with smooth boundary of nite type.
The question whih submanifolds allow a bounded holomorphi extension of all
bounded holomorphi funtions has rst been studied by E. Mazzilli. He gave
a suient ondition using dierent type notions for the intersetion ∂D ∩X.
However, his ondition is too strong to be also neessary. Reently, W. Alexan-
dre used in [1℄ the nonisotropi pseudometri as introdued above to give a
suient ondition on X ∩D for bounded extendibility (for linearly onvex do-
mains of nite type) with respet to the sup-norm whih is very lose to also
being neessary. Sine the formulation of the ondition is rather tehnial we
refer the interested reader to the original paper.
2.6 Some open problems
Besides the work mentioned so-far, many more questions of quantitative omplex
analysis have been studied on linearly (or even lineally) onvex domains of nite
type. In addition to the above, we mention the following seletion:
• Boundary behavior of Hp-funtions, see [23℄.
• Bounded solvability of ∂ with respet to Lp-norms with p 6= 2, see [39℄.
• Charaterization of zero sets of the Nevanlinna lass, see [7, 17, 34℄
• Dependene of isotropi Hölder and Lp-norms on Catlins multitype, see
[43℄.
• (0, 1)-forms with nite Bruna-Charpentier-Dupain-norm an be solved in
L1(∂D), see [7, 17, 34℄.
As losing remarks of this survey we mention several important open questions
of the subjet:
Question 2.13 1. Generalize all results known only for linearly onvex do-
mains of nite type to lineally onvex domains of nite type.
2. Investigate for µ > 1 the relation between the spaes Cl,µ(D) and and
Cl+k(µ),µ−k(D), where k(µ) is the largest integer ≤ µ and all Hölder norms
are taken with respet to the pseudodistane on D.
3. Solve the ∂-equation with best possible estimates for forms with oeients
in Λ˜µ respetively in Ck,µ.
4. Study more general lasses of domains to whih the onstrution of a
smooth family of holomorphi support funtions satisfying best possible
estimates of Di-Fornæss an be arried over.
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Added in proof: Reently, after nishing this survey, the author has been in-
formed, that a preprint of J. Mihel appeared, in whih he generalizes the
Diederih-Fornæss onstrution of support funtions to so-alled K-onvex do-
mains.

Referenes
1. Alexandre, W.: Problèmes d'extension dans les domaines onvexes de type
ni, Preprint 2005.
2. Alexandre, W.: Estimées Ck pour les domaines onvexes de type ni de Cn,
C. R. Aad. Si. Paris, Ser. I 335 (2002), 2326.
3. Alexandre, W.: Ck-estimates for the ∂-equation on onvex domains of nite
type, To be published in Math. Z., 2005.
4. Barrett, D.: Irregularity of the Bergman projetion on a smooth bounded
domain in C
2
, Ann. Math. 119 (1984), 431436.
5. Barrett, D.: Behavior of the Bergman projetion on the Diederih- Fornæss
worm, Ata mathematia 168 (1992), 110.
6. Boas, H. P., Straube, E. J.: On equality of line type and variety type of real
hypersurfaes in C
n
, J. Geom. Analysis 2 (1992), 9598.
7. Bruna, J., Charpentier, P., Dupain, Y.: Zero varieties for the Nevanlinna
lass in onvex domains of nite type in
n
, Ann. Math. 147 (1998), 391415.
8. Bruna, J., Nagel, A., Wainger, S.: Convex hypersurfaes and Fourier trans-
form, Ann. Math. 127 (1988), 333365.
9. Catlin, D.: Neessary onditions for subelliptiity and hypoelliptiity for
the ∂-Neumann problem on pseudoonvex domains, Reent developments
in several omplex variables, Pro. Conf., Prineton Univ. 1979 (Fornæss,
J. E., ed.), Ann. Math. Stud. 100, pp. 93100.
10. Catlin, D: Boundary invariants of pseudoonvex domains, Ann. Math. 120
(1984), 529586.
11. Catlin, D.: Subellipti estimates for the ∂¯-Neumann problem on pseudoon-
vex domains, Ann. Math. 126 (1987), 131191.
12. Catlin, D. W.: Global regularity of the ∂-Neumann problem, Symp. Pure
Appl. Math. 41 (1984), 4649.
13. Christ, M.: Global C∞ irregularity of the ∂-Neumann problem for worm
domains, J. Amer. Math. So. 9 (1996), 11711185.
14. Conrad, Mihael: Anisotrope optimale Pseudometriken für lineal kon-
vexe Gebiete von endlihem Typ (mit Anwendungen), Ph.D. thesis,
Berg.Universiträt-GHS Wuppertal, 2002.
12
15. Cumenge, A.: Estimées Lipshitz optimales dans les onvexes de type ni,
C.R.Aad.Si.Paris 325 (1997), 1077180.
16. Cumenge, A.: Sharp estimates for ∂ on onvex domains of nite type, Arkiv
för Mat. 39 (2001), 125.
17. Cumenge, A.: Zero sets of funtions in the Nevanlinna or the Nevanlinna-
Drjbahian lasses, Pai J. Math. 199 (2001), 7992, To appear in Pai
J. Math.
18. Cumenge, A., Frutus, M.: Anisotropi estimates in onvex domains of
nite type, Bull. Si. Math. 127 (2003), 719737.
19. D'Angelo, J.: Finite type onditions for real hypersurfaes, J. Di. Geo. 14
(1979), 5966.
20. D'Angelo, J.: Subellipti estimates and failure of semiontinuity for orders
of ontat, Duke Math. J. 47(4) (1980), 955957.
21. D'Angelo, J.: Finite type and the intersetions of real and omplex varieries,
Several variable and omplex geometry (RI), Proeedings of Symposia in
Pure Mathematis, vol. 52, Amerian Mathematial Soiety, pp. 103117.
22. Demailly, J. P.: Multiplier ideal sheaves and analyti methods in algebrai
geometry, Shool on vanishing theorems and eetive results in algebrai
geometry.
Leture notes of the shool held in Trieste, Italy, April 25-May 12, 2000.
ICTP Leture Notes 6. (Trieste) (Demailly, J. P. et al., ed.), The Abdul
Salam International Center for Theoretial Physis, pp. 1148.
23. Di Biase, F., Fisher, B.: Boundary behavior of Hp funtions on onvex
domains of nite type, Pai J. Math. 183 (1998), 2538.
24. Diederih, K., Fisher, B.: Hölder estimates on lineally onvex domains of
nite type, Preprint, 2003.
25. Diederih, K., Fisher, B., Fornæss, J.E.: Hölder estimates on onvex do-
mains of nite type, Math. Z. 232 (1999), 4361.
26. Diederih, K., Fornæss, J. E.: Pseudoonvex domains with real analyti
boundary, Ann. Math. 107 (1978), 371384.
27. Diederih, K., Fornæss, J. E.: Stritly pseudohyperboli domains,
manusripta math. 25 (1978), 263278.
28. Diederih, K., Fornæss, J. E.: Lineally onvex domains of nite type: holo-
morphi support funtions, manusripta math. 112 (2003), 403431.
29. Diederih, K., Fornæss, J.E.: Pseudoonvex domains: An example with
nontrivial Nebenhülle, Math. Ann. 225 (1977), 275292.
30. Diederih, K., Fornæss, J.E.: Support funtions for onvex domains of nite
type, Math. Z. 230 (1999), 145164.
13
31. Diederih, K., Herbort, G.: Geometri and analyti boundary invariants on
pseudoonvex domains . Comparison results, J. Geom. Analysis 3 (1993),
237267.
32. Diederih, K., Mazzilli, E.: Extension and restrition of holomorphi fun-
tions, Ann. Inst. Fourier 47 (1997), 10791099.
33. Diederih, K., Mazzilli, E.: Extension of bounded holomorphi funtions in
onvex domains, manusripta math. 105 (2001), 112.
34. Diederih, K., Mazzilli, E.: Zero varieties for the Nevanlinna lass on all
onvex domains of nite type, Nagoya Math. J. 163 (2001), 215227.
35. Diederih, K., MNeal, J.: Pointwise nonisotropi support funtions on
onvex domains, Complex Analysis (Basel), Progress in Math., vol. 188,
Birkhäuser, pp. 183192.
36. Diederih, K., Pug, P.: Neessary onditions for hypoelliptiity of the ∂-
problem, Reent developments in several omplex variables (Prineton, N.J.)
(Fornæss, J. E., ed.), Annals of Mathematis Studies, vol. 100, Prineton
University Press, pp. 151154.
37. Feerman, C., Kohn, J. J.: Hölder estimates on domains of omplex dimen-
sion two and on three dimensional CR manifolds, Adv. Math. 69 (1988),
233303.
38. Feerman, Ch., Kohn, J. J., Mahedon, M.: Hölder estimates on CR man-
ifolds with a diagonizable Levi form, Rev. Mat. Iberoam. 4 (1988), 190.
39. Fisher, Bert: Lp-estimates on onvex domains of nite type, Math. Z. 236
(2001), 401418.
40. Fornæss, J. E.: Sup-norm estimates for ∂¯ in C2, Ann. Math. 123 (1986),
335345.
41. Fornæss, J.E.: Peak points on weakly pseudoonvex domains, Math. Ann.
227 (1977), 173175.
42. Fu, S., Straube, E.: Compatness in the ∂-Neumann problem, Complex
analysis and geometry. Proeedings of a onferene at the Ohio State Uni-
versity, Columbia, OH, USA, June 3-6, 1999 (Berlin) (MNeal, Jeery D.,
ed.), de Gruyter, pp. 141160.
43. Hefer, T.: Hölder and Lpestimates for ∂ on onvex domains of nite type
depending on Catlin's multitype, Math. Z. 242 (2002), 367398.
44. Hefer, T.: Extremal bases and Hölder estimates for ∂ on onvex domains of
nite type, Mih. Math. J. 52 (2004), 573602.
45. Henkin, G.M.: The Lewy equation and analysis on pseudoonvex manifolds,
Russ. Math. Surv. 32 (1977), 59130.
14
46. Kiselman, C.: A study of the Bergman projetion in ertain Hartogs do-
mains, Proeedings of Symposia in Pure Mathematis (Providene, RI),
Several Complex Variables and Complex Geometry, Part 3, vol. 52, Ameri-
an Mathematial Soiety, pp. 219231.
47. Kohn, J.: Global regularity for ∂¯ on weakly pseudoonvex manifolds, Trans.
AMS 181 (1973), 273292.
48. Kohn, J.: Subelliptiity of the ∂-Neumann problem on pseudoonvex do-
mains: Suient onditions, Ata. Math. 142 (1979), 79122.
49. Kohn, J., Nirenberg, L.: A pseudoonvex domain not admitting a holomor-
phi support funtion, Math. Ann.. 201 (1973), 265268.
50. Mazzilli, E.: Extension des fontions holomorphes dans les pseudo-
ellipsoides, Math. Z. 227 (1998), 607622.
51. MNeal, J.: Estimates on the Bergman kernel of onvex domains, Adv.
Math. 109 (1994), 108139.
52. MNeal, J., Stein, E. M.: Mapping properties of the Bergman projetion on
onvex domains of nite type, Duke Math. J. 73 (1994), 177199.
53. Nadel, A. M.: Multiplier ideal sheaves and Kähler-Einstein metris of posi-
tive salar urvature, Ann. Math. 132 (1990), 549596.
54. Straube, E.: Geometri onditions whih imply ompatness of the ∂-
Neumann operator, Ann. Inst. Fourier 54 (2004), 699710.
55. Yu, J.Y.: Multitype of onvex domains, Indiana Univ. Math. J. 41 (1992),
837849.
Klas Diederih
Mathematik
Universität Wuppertal
Gausstr. 20
D-42097 Wuppertal
Germany
15
